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PAPER 1 (Solutions)
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(1) From the tables, ff (6) =1(14) =26
f'(8)=4

(11) Since R, = [0, 1] < Dr=[0, o), fg exists.

(i)  Dy=D,= {o,ﬂ.

Taking R, as new D¢, R =[-2,—-0.5] (fiis increasing)




fe(x)|<1 = [f(tan2x)|<1
But Ry, =[-2,-0.5], —1<f(tan2x)<-0.5

= L<tan2x£1
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f"(o) 2 fl" 0
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f(x)=2)c+§x3 +...




(i)
1 4 ?
Volume = n_[zl (2x+§x3j dx

2

Ei{,

The approximated volume is an under-estimation of the actual volume. This can be seen
from the above diagram, the region under the graph of y =sin™'(2x) is larger than the

region under the graph of y =2x+ §x3 :

(1) Using similar triangles ABC and DEC,

w h 5
—=—=>w=—h
5 2 2 ) E 2
h
c
Volume of the water in the tank = Base area x length
V= 1 wh x 8
2
V=4Mv=4hx§h:40h2
.. dV dV dh
(i) —=——
dt dh dt
_ 20h% - (1)
dt dt

Att=2seconds, V=2(5)=10m’

Tofindz,  10=10 4
h=1m




dh

20—=5

de

dh 1

—=— m/s

dt 4

(iii) from (1),
2h=20h%

dz

dh 1
—=— m/s
dr 10

Since the rate of change for /4 is a constant,
time taken for /4 from 1 to 2 m = 10 seconds

Therefore the time taken for the trough to be completely filled is 12 seconds.

(2)

First term =1, common difference = d

S5,8,,5,, forma GP
L Su_Su

SS SIO
2
:»g(zwd)) =2 (2+40) 2 (24190)

= (2+9d)" =(2+4d).(2+19d)

=5d” —-10d =0
=d =2 or d=0 (rejected as AP is increasing)

28,
— >
S ., —100

2n?
—a
(n+1) -100

2 2
2n (ntl) +100>0

(n+1) -100
n*—2n+99
—a
(n+1) -100
Since n*> —2n+99 > 0 as discriminant < 0 and coefficient of n? is +ve.

2
(n+1) -100>0
(n+1+10)(n+1-10)>0
(n+11)(n-9)>0

n>9
.. least n is 10.
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(®) | | nth Outstanding amt owed at | Outstanding amt owed at the end of the nth
month the start of the month (in | month (in hundreds)
hundreds)
1 34 34
2 (34)2 (34)2
3 (34)2° 34(2)*-70
4 2(34(2) - 70) 34(2)* =70(2)-70
5 2(34(2)° - 70(2)-70) 34(2)* -70(2)* -70(2)-70
n 34(2)" —70(2)" " = ...~ 70(2) =70

Total amount of money owed at the end of nth month
= 100(34(2)"" =70(2)" —.......... -70(2)-70)
n-2
=100 34(2)"" - ()
2-1
=100(70-2"")

To be free from debt,
70-2""<0
=2">140

S In140

—=>nz

=7.129
In2

Leastn=28
Earliest month to be free from debt = Jan 2014
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From graph, there are 2 points of intersection. Thus, there are 2 solutions.




(1) The points 0(0,5,0) is on plane p

0)(a)

=|5 = 5b=15 = b=3
0)\4)
a) (1)

3 e
o 4)10) | a
(1) sinag = ———— ie. sina = ————
a Ja? +25
3 0
4 0

a 1 a) (1)
(ii1) The angle between | b | and | O | is obtuse = | b |
4 0 4J\0)
a:4503L:—|a|
\/5 a’ +25
= a* +25=2af
Since |a|2 =a’,
a’ =25

Sincea<0, a= -5

(iv) Equation of plane p : —5x+3y+4z=15
Equation of x-zplane : y=0
Equation of x-y plane : z=0

Solving simultaneously
“3
x=-3,y=0,z=0 ie. um — v
o
(v) M (1,0,5) is on plane p (given) and
is also on the x-z plane ( y-coordinates of M =0)
=M is on their line of intersection /.

= a<0

Points M and W are on /, and the shortest distance of Q to the line /
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(i) Let P, be the proposition that u, = a((n;l)):’z forneZ
n—1)!
Forn=1, LHSof B, = 2a
I+0D1 2
RHS of P= ="((1 +1))' — Ta=2a —LHS of P

Thus, £ is true.

Assume that P, is true for some k € Z .
a(k+)k
(k=D)!

To prove that B, is true:
_k+2

Uy = =R U
_(k+2) a(k+1)k
B (k-1
_a(k+2)(k+1)
 k(k—1)!
_a(k+2)(k+1)

k!
Thus £, is true.

Le. u, =

Since B is true, and P, true = P,_, is true. By Mathematical Induction,

P istrue forall n e Z

(i1) Consider




n+2
n+l _un - 2 un _un
n

n+2
n

n+2-n’
=u,(——5—)

n
__, (D=2

n 2
n

a(n+1)(n) >0
(n—=1)!

since forn>3 and a>0, (n—-2)>0 and u,=

S, <u, forn>3

Alternatively,

u,.,—u,

_a(n+2)(n+1) a(n+1)(n)

- n! (=1

_a(n+1)
n!

__a(n+1)2(n—2)

(n+2—n2)

n!
Since n>3and a>0, (n+1)> >0and (n—2)>0
“u,,—u,<0 for n=3

° T+l

16
2.4,
r=3

= Uy U, U+ U

<uUy+uy+us ..+ u, since u,,, <u, for r=3
=14u,
=84a since u, = 6a

iur <84a
r=3




-3 lnr—_1j+z’1:(ln3)

2 r+ r=2

=;[(lnr—l)—(lnr+l)]+(n—1)1n3

In(1) - In(3)
In(2) — In(4)
ln? ) - l:n(S) +(n=1)In(3)
In(n-2) - In(n)
In(n—-1) —In(n+1)
=In2-In(n)-In(n+1)+1In3""

_ ln 2(3)n—1
n(n+1)

1 23)" I 2(3)°
14(15)  7(8)

O
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(a)

(@)




b 2x+4
dx (x2+4x+4)2

_ 2(x+2)
(x+2)*
_ 2
(x+2)°
Since - #0, d # 0, there are no stationary point when C =4.
(x+2) dx
(i)
_'_i_'-FF/-'-'-'-\-\-\-\-\-\-\_ ﬂ
When C=4 When C>4 When C< 4

10
(b

Let w be the amount of water present in the leaf at any time t.

dr dw . .
—=m E where m is a positive constant

dt

) w 1 ) ..
Since d_ =8r—— (7TF2 ) where m is a positive constant.

T




r-—8r
| 12 dr=—Ltric
(r—4) 4* 2
1 4-4 1 (M1
_m(”‘ 4 __L.c
8 \r_4+4) 2
P28 L ¢
8 7 2
=8 = _4s+8c
r
"70 _ 46745C _ o™ \where B=+ ¢C
r
o 8
1-Be™

Whent=0,r=4

4= 8 5
1-Be

B=-1

e 8
l+e™*

Ast—w, e >0, r—8

The radius of the circular shaped leaf will grow to a radius of 8 cm for large values of .

11
(2)

s—w =6 = The real part of s and w are the same.
Let s=a+bi and w=a+ci
Sb—c=6 ---(1)

(a+bi)(a+ci):10
a’—bc+a(b+c)i=10
sa’—=bc=10 and b+c=0
a=%1, b=3 and c=-3

Since a > 0,
Ss=1+43i, w=1-3i

Alternatively,




Subst w:E into s—w=06i,

s
S—Q=6i

s
s —10=(6i)s

s° —(6i)s—10:0

'+ 36— a(—
UER 362 1)y
Since Re(s) >0, s=1+3i and w=1-3i

S

Let u =is and v=iw and we would arrive at the original pair of given equations.
Su=-3+4+i and v=3+i
Alternatively,

S=iv, w=iu
sov=3—iand u=-3-i

11
(b

343 =12 and arg(—3+3i) = 2=
6

5—”i+2kﬂ'i
z’ =\/ﬁe6

1 51i+2kﬁi
=z=12%" 3, k=0,%l

L 1 osa, 11,
=z =12% ", z,=12% " and z;=12%"

1
A A A are congruent triangles with |Z1| = |zz| = |z3| =12¢ and

~

<

1 1
Area of triangle Z,Z,7Z, =3 x%(lz)s (12)6 sin (2?”)

:%(uﬁ

Let c= e’ﬁ

0 (3w)
scz,=e"xe'® =e




Since cz, is a positive real number, arg(cz,)=0

5—”+6’=0 = ¢9=—5—7T

18 18
—5ri

c=e

Simliarly, we can also consider cz, or cz,

—177i Tri

The corresponding values for ¢ would be e '* and e'® respectively.

Any one of the above 3 values of ¢ is acceptable.




